Over a period of time, experiments were conducted to estimate the shelf life of a product. Each trial used a combination of a temperature level and an additive concentration that was used to inhibit spoilage. The policy was to terminate each trial after 270 days, even if the product sample had not yet failed. Particularly at the lower temperatures, some trials ended before the product sample reached the failed state. No records were kept on the number of unfailed samples. Thus the resulting data were truncated. This paper describes the analysis of the resulting data and the methods that were used to estimate the shelf life distribution of the product.
Introduction

Background and motivation
An additive is used to extend the shelf life of a product (to protect the identity of this product, we will refer to it as Product A). Higher levels of the additive will extend shelf life, but will also add cost and detract from product performance. The producer would like to use the least amount of additive possible, consistent with adequate control of the risk of spoilage before use (an event that we will refer to as "failure").
Over a long period of time, data were collected to investigate the statistical relationship between Product A shelf life and concentration of additive for different levels of temperature and to monitor other product characteristics. If all specimens put on test had been observed until failure, classical response surface methods could have been used to estimate the effect that concentration and temperature have on Product A shelf life. If the survival times for all unfailed specimens had been recorded, then standard censored data methods could have been used to estimate the relationship.
The available data for Product A, however, had been entered into a computer database from old paper records. Only the failure times had been recorded. Notations concerning what would have been censored observations were non-numerical and were never entered into the data base. Although it was known that the upper time limit of observation had been 270 days for the product units that were monitored, there was no available information on the number of trials for which the specimens were unspoiled.
The goal of the analysis of the historical data was to estimate the relationship between life and the two explanatory variables: additive concentration and temperature. The relationship was to be used to make better decisions on how much additive should be added to the product. Although all experimentation was done at 45
• C or above, there was interest in the distribution of shelf life down to 35
• C. The original Product A data are proprietary. Therefore we have used simulated data with some modification to the scaling of the parameters in order to illustrate the steps that were followed in the original analysis.
The Product A shelf life experimental data
The available Product A shelf life data are available in the SPLIDA/S-PLUS life data object
ShelfLifeA.ld and also in the SPLIDA distribution as a text file. The concentration of the additive is in units of parts per million (ppm) and the storage temperature is in degrees Celsius.
The time to failure (indicated by evidence of a particular observable event related to spoilage) was recorded in terms of number of days. The last two columns in the data set give the truncation information (indicating the time at which the trial would have been terminated had the product sample not failed). In this application, the right truncation time was the same for all units, but the methodology used here allows for different truncation times for different trials, as long as the truncation times are known for all observations. concentration levels. Figure 1 suggests that the allocation of samples to the particular levels of concentration and temperature over time were chosen in a somewhat haphazard manner. Recall that the actual number of samples at each condition is unknown due to the truncation. The logic for avoiding the SE (high temperature with low concentration) and NW (low temperature with high concentration) regions is that these were conditions that would not be used in practice. Experimentation below 45
• C was avoided because of the large amount of time needed to observe failures. In both of these figures, at combinations of the factors implying long life, the truncation point at 270 days can be seen.
Related literature
Truncated distributions and truncated data have been discussed in a number of places in the statistical literature (truncated data are data generated from a truncation distribution). The books by Cohen (1991) and Schneider (1986) describe parametric methods of estimation and inference for truncated and censored data from a single distribution. Turnbull (1976) and Nelson (1990a) provide nonparametric methods of estimation for truncated data. Kalbfleisch and Lawless (1992) describe several different reliability applications involving truncated data. Meeker (1987) shows that there is a relationship between an LFP model and right truncation. Kalbfleisch and Lawless (1988) illustrate the loss of efficiency of truncation relative to censoring. Escobar and Meeker (1998) Days   Temp = 45   20  30  40  50  60  70  50 150 • Days   Temp = 55   20  30  40  50  60  70  50 150 • ter 11 of Meeker and Escobar (1998) presents a number of examples of left and right truncation, describes ML estimation, and suggests a probability plotting method to help assess distributional goodness of fit. Here we will review some of the important ideas, as they pertain to right truncation.
There are fewer references involving truncated data in regression analysis, and we were unable to find any applications in reliability data analysis. Amemiya (1973) describes economic applications and provides a detailed description of the theory behind ML estimators for regression with normally distributed residuals and censored data (which he refers to as "truncated"). In the last section of the paper, however, the author presents an argument that the results in the paper apply to an alternative model that is the same as the truncated data model presented here and elsewhere. Kalbfleisch and Lawless (1991) use a right-truncated regression model to analyze AIDS incubation times. Pagano, Tu, De Gruttola, and MaWhinney (1994) use truncated regression for the same application. Gross and Huber-Carol (1992) also describe regression models for truncated data.
Overview
Section 2 provides some background for estimation with truncated data, using data at a single experimental condition to make the presentation simpler. Section 3 describes and illustrates the use of models and methods for truncated data with explanatory variables. Section 4 extends the example given in Section 2 to give a comparison between the analysis of truncated data and censored data. Section 5 contains some concluding remarks and suggestions for further research.
Truncated Data Background
Analysis of truncated data at a single condition
This section introduces the ideas behind the analysis of truncated data by focusing on the results of the trials with a concentration of 25 ppm and a temperature of 45 • C. There were 8 observations (trials with failures) at this condition. Figure 4 is an event plot of these data. The line at row 9 extending to 270 days indicates the unknown number of truncated observations. If we knew the number of samples that had been terminated at 270 days, the data would be right-censored instead of right-truncated. Figure 5 is a lognormal probability plot. The lognormal cdf and pdf are
where φ nor and Φ nor are, respectively, the standardized normal pdf and cdf. The lognormal median t .5 = exp(µ) is a scale parameter and σ > 0 is the lognormal shape parameter.
The straight line in Figure 5 is the ML estimate of the untruncated lognormal distribution of the between the plotted points and the parametric ML estimate is very strong in part because of the parametric adjustment to the conditional nonparametric estimate described in Section 2.2.
If the random variable T i is truncated when it lies above τ
where θ = (µ, σ). The total log likelihood for a sample of n independent truncated observations is
The values of θ = (µ, σ) that maximize (4) are the maximum likelihood estimates and these are denoted by θ = ( µ, σ). The ML estimation results for the Product A shelf life data at 25 ppm and 45
• C are summarized in Table 1 . The maximum of the log likelihood is at µ = 5.5703 and σ = 0.1166. The standard errors in Table 1 were obtained from the observed information matrix. contours indicate a ridge-like behavior running from the SW to the NE corner of this plot. This is an indication of poor identifiability of the lognormal distribution parameters. In particular, the data at this condition are not entirely capable of distinguishing between a distribution with a small value of µ with a small amount of truncation and a large value of µ with a large amount of truncation.
Adjustment for probability plotting of truncated data
Probability plots are useful for displaying data and parametric estimates of the cdf, and for making an assessment of distributional goodness of fit. A truncated (log) location-scale distribution is not, in general, a (log) location-scale distribution. Thus special methods are needed to do a probability plot. Section 11.6 of Meeker and Escobar (1998) shows how to parametrically adjust a truncateddata nonparametric estimator so that it can be used for making a probability plot. The basic idea is to use the ML estimate of an underlying parametric distribution to provide an estimate of the fraction truncated and to use this probability to adjust the nonparametric estimate, providing an estimate of the unconditional distribution that generated the truncated response. This approach can be used in situations with right truncation, left truncation or both left and right truncation. We will describe the method as it applies to the right-truncated shelf life data and extend the application of the method to situations in which there are explanatory variables. With right truncation, the nonparametric estimate provides an estimate for the conditional probability given by the truncated distribution
where τ max is the largest right-censoring time in the sample. Then the parametrically-adjusted unconditional nonparametric (NPU) estimate of F (t) is
where F NP C is the nonparametric estimate of F C . This adjusted nonparametric estimate can be plotted on probability paper in the usual way (i.e., plotting the middle probability point in the jump at each observation, as described in Section 6.4 of Meeker and Escobar 1998).
Figure 5 is an adjusted probability plot for the Product A shelf life data at 25 ppm and 45
The points, corresponding to the adjusted nonparametric estimate, fall very much along a straight line. This indicates that there is no evidence in the data to suggest a departure from a lognormal distribution. Note, however, that in this case, there is little information in the data about the shape of the underlying distribution. A similar plot, done for the Weibull distribution, also provided an adjusted estimate of F (t) that plotted almost as a straight line on the Weibull probability plot. Figure 7: Multiple individual lognormal ML estimates and probability plots (with truncation correction) for the Product A shelf life data.
One conclusion from this analysis is that there is rather little information in the available data at this condition, relative to an untruncated sample or even a censored sample with the same number of reported failures. In Section 4, we will use these same data to do a direct comparison between truncated data and censored data to show the differences in information content.
We have presented detailed results for one combination of the explanatory variables. Similar results (with similar conclusions) were obtained for the other combinations of temperature and concentration and these will be summarized in the next section.
Truncated Regression Model for the Product A Shelf Life Data
This section describes models, graphical methods, and model estimation methods for the shelf life data, using all of the combinations of the explanatory variables. The models and methods presented here are similar to those used in Nelson (1990b) and Meeker and Escobar (1998) , extended to truncated data. Table 2 provides a summary of the estimation results for the individual combinations of levels. Figure 9 is a multiple probability plot that is similar to Figure 8 , but the fitted model is analogous to the standard one-way ANOVA model. In this model, there is a separate lognormal scale parameter for each combination of temperature and concentration. In contrast with the individual analysis, however, there is a common lognormal shape parameter. We call this the "floating-scale model."
Individual analyses at different experimental conditions
Floating-scale model
The ML estimate lines are parallel because of the constraint that the lognormal shape parameters be the same.
In Figure 9 , each of the nonparametric estimates (represented by the plotted points) was adjusted individually using (6), based on ML estimates of the lognormal F (τ two different models is Pr(χ 2 10 > 7) = 0.2745, indicating that the differences in the slopes of the fitted lines relative to the the common slope of the floating-scale model can be explained by chance alone.
Response surface model for life as a function of concentration and temperature
The response surface model suggested by the scientists responsible for quantifying the shelf life of Product A was µ = β 0 + β 1 log(Concentration) + β 2 120.279
The first and second terms in (7) correspond to a power function relationship relating life and concentration [i.e., Days =∝ (Concentration) β1 ]. The third term is based on the well-known Arrhenius rate reaction model and 120.279 is the reciprocal of the gas constant in units of kJ/mole. Table 4 provides a numerical summary of the lognormal ML estimation results and Figure 10 provides a graphical summary. The ML estimate lines are again parallel because of the constant-shape parameter restriction. In Figure 10 , each of the nonparametric estimates (represented by the plotted points) was adjusted individually using (6), based on ML estimates of the lognormal F (τ (7) is a further constraint in fitting a model to the data. Thus, there will be more deviations between the nonparametric estimates and the fitted F (t) lines in Figure 10 than in Figure 9 .
To test whether such deviations are statistically important, as opposed to being explainable by the natural variability in the data under the model in (7), we can again do a likelihood ratio test, this time comparing the results in Tables 3 and 4 We also fit a response surface model with a term for interaction between concentration and temperature (details are not given here), but there was no indication of interaction in the data and all inferences were similar to those provided by using the response surface model in (7). Table 4 . Table 5 gives the ML estimates and approximate confidence intervals for the quantiles of the shelf life distribution at the storage conditions of 25 ppm and 35 • C. Consider t .01 , the time at which a fraction .01 of the product population will fail at these conditions. The estimation results indicate that we are 95% confident that t .01 is between 650 and 1036 days.
Estimates
Comparison of Truncated and Censored Data Analysis
Section 2 illustrated estimation from truncated data of Product A shelf at 25 ppm and 45
• C. Here we compare the truncated data analysis with a censored data analysis, assuming that there had been a particular number of right-censored observations at 270 days. To get good agreement between the point estimates in the comparison, we used the truncated data model estimates in Section 2 to estimate that there had been 6 right-censored observations. Then, the actual number of trials at 25 ppm and 45 • C would have been 8 + 6 = 14. We refer to these data as the "pseudo-censored" data.
The main purpose of this comparison is to illustrate the important loss in precision that results from and confidence interval widths given in Table 6 . Some insight into the reasons for the improvements in precision can be obtained by comparing the contour plots in Figures 6 and 14 . In particular, the closed likelihood contours in Figure 13 indicate that the shelf life median can be bounded statistically over the region of the plot, which was not possible in Figure 5 . The ambiguity between the amount of truncation and the location of the upper tail of the shelf life distribution has been, to a large • C.
degree, resolved by "knowing" the number of censored observations. In effect, there is no good information about the fraction failing after 270 days. These remarks extend to the fitting of the regression model considered in Section 3.3.
Concluding Remarks and Extensions
This paper has shown how to extract useful information out of an historical set of data with a certain type of missing data. In this case, especially because there was probably a number of conditions with complete or nearly complete data (as indicated by an absence of observations near to 270 degrees at some combinations of concentration and temperature), the final answers were rather precise. This application provides a good example of how statistical methods can be adapted to deal with "messy data."
In other situations, it will be impossible to address completely important questions of interest without having to make strong assumptions or to rely on information coming from outside of the available data. For example, it may be necessary to assume that certain parameters are known.
A more flexible alternative would be to obtain prior distributions for such parameters (e.g., from engineering knowledge or physical/chemical theory) and to use Bayesian methods instead. Because of recent advances in computing technology and the development of methods for Monte Carlo Markov
Chain methods of inference, such methods are now practicable.
For the Product A shelf life example, needed inferences were for storage/shipping at a given constant temperature. In other applications, however, temperature (or other environmental factors)
will vary over time. In such cases, it is possible to use a model similar to the one used in this paper to make predictions about life under a specified environmental profile. Methods for doing this are presented in Nelson (2001) .
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A SPLIDA Commands for the Analyses
This appendix gives explicit direction on how to use the SPLIDA/S-PLUS software to do the the analyses described in this paper. 11. Derive the truncated cdf used to construct the likelihood contribution in (3).
